Multicomponent are becoming routinely used in seismology and they open new prospects for seismic tomography purposes. Especially, polarization observables are observables of choice for the seismic tomography. However, the polarization observables and their associated misfit functions used in geophysical literature are not optimal for tomography purposes. In this contribution, we propose to define a new kind of polarization misfit function based on aǹ`i ntrinsic'' distance in the polarisation states space. Then, the gradient of the proposed misfit function is computed by taking advantage of the adjoint state formalism and integrated in an existing full waveform inversion program. Finally, a numerical example is proposed to compare the results from the proposed polarization misfit function with the conventional L2 multicomponent cost-function and the polarization spectral ratios.
Introduction
The developments of multicomponent seismic acquisition technology lead to investigate more and more the use of multicomponent data for seismic imaging purposes.
Among the information contained in multicomponent data, the polarization is an observable of choice for tomography : 1) the polarization observables are independent to the knowledge of the source wavelet and the instrumental response (for the later if the receiver coupling is the identical in all directions); 2) the polarization observables are independent to the global amplitudes which may be difficult to numerically reproduce; 3) according to Boore and Nafi Toksoz (1969) , the polarization has a lower sensitivity to attenuation parameters than for other structural parameters (as for instance velocities) which is interesting when attenuation parameters are neither inverted nor known; 4) in context of inversion methods based on local optimization methods, the polarization has the advantage to be independent of the global phase and so to potentially mitigate the cycle skipping effects; 5) in context of near surface imaging, Boore and Nafi Toksoz (1969) showed that the polarization can be sensitive to the shallow structures.
Polarization observables as horizontal over vertical spectral ratios (e.g. Scherbaum et al. (2003) ) , ellipticty angles (e.g. Maranò et al. (2012) ) and tilt angles (e.g. Hu and Menke (1992) ) have been used for quantitative tomography purposes. However, in the geophysical literature the associated misfit functions suffer from different drawbacks. For instance these misfit functions are either not well-posed (as in case of polarization spectral ratios which are infinite for some polarization states and not invariant with the choice of the sensors orientation or in case of the tilt angle values for circular particle motions) or they do not account for all the properties of the observed polarization (ellipticity or tilt angles used alone).
In this study, we introduce an intrinsic distance to measure the distance between two polarization states, leading to the definition of a well-posed misfit function for tomography and enabling to completely account for all the properties of the particle motion polarization (unifying all the mentioned misfit functions). Then, the gradient of the proposed misfit function is computed by taking advantage of the adjoint state formalism and integrated in an existing full waveform inversion program. Finally, a numerical example illustrates the advantage of the proposed misfit function compared to the more conventional spectral ratios.
The concept of polarization state
In order to propose a simplified derivation with as little mathematical technicalities as possible, we consider a multicomponent field (as for instance the particle velocities) composed of only 2 components. We also express physical quantities in the Fourier domain (we can omit the frequency dependency since we consider each frequency independently). We consider a particle motion u at one given location. In order to make explicit the polarization, we can express u in a polar form u = A u p u,φ e iφ where A u is the absolute amplitude (positive real number), p u,φ a unit complex vector ( p u,φ |p u,φ = 1) always defined up to a multiplicative constant (phasor) and φ ∈ [0, 2π[ is the " absolute/global" phase (phasor). It is noteworthy that the vectors p u,φ are equivalent up to a complex phase term (as wave-functions in quantum physics).
The first purpose of this study is to introduce a distance between an observed polarization state p u obs ,φ and a computed polarization states p u comp (m),φ function of model parameters m. To do so, we need to introduce a convenient geometrical representation of the different polarization states.
Poincaré sphere representation and intrinsic distance between polarization states
In order to get ride of the amplitudes, we can first define the normalized particle motion as :
Actually, it can be shown that there is a one-to-one mapping between the (pure) polarization states and the (rank one) polarization tensors. It is worthwhile to note that expression 4 shows that the tensor U does not depend on the "global phase" term φ . In expression 5, S 1 , S 2 and S 3 are the Pauli Spin matrices associated to different weights which can be gathered in a real vector called the Stokes' vector. This vector is defined as n r = (cos(θ ), cos(β ) sin(θ ), sin(β ) sin(θ )) t . In this expression of the Stokes' vector, we can recognize the expression in cartesian coordinates of a point located at the surface of a unit sphere with an inclination angle θ and an azimuth angle β . From this remark, we can show that there is a one-to-one mapping between (pure) polarization states and points at the surface of a unit sphere. This sphere is named the Poincaré sphere in optics (also called Bloch sphere in quantum mechanics). An illustration of some polarization states with the corresponding locations at the surface of the Poincaré sphere is proposed in figure 1-a.
The Poincaré sphere provides a geometric representation of the polarization states and we take advantage of this representation in order to define the distance between different polarization states. If we consider two polarization states A and B (Fig. 1-b) , with the corresponding Stokes' vectors n r (A) and n r (B), a natural choice is to define the distance between these states as the length of the geodesic curve joining them at the surface of the Poincaré sphere. According to the geometrical properties of a sphere of unity radius, the angle θ AB ∈ [0, π] between the vectors n r (A) and n r (B) corresponds to the length of the geodesic C geo (A, B) . For that reason, we can express the geodesic as C geo (AB) = arccos ( n r (A)|n r (B) )
Polarization inversion : misfit functions and gradients from adjoint-method
In order to define a misfit function which is always positive and to promote mathematical simplicity we first define our misfit function as the square of the Poincaré distance between the observed and the computed polarization states : 
Figure 1 Illustration of the polarization states and the geodesic distance on the Poincaré sphere for bi-component measurements. a) On the Poincaré sphere, the azimuth angle ξ is 2 times the particle motion tilt angle and the latitude angle ψ is 2 times the particle motion ellipticity angle; b) The distance between the states A and B is defined as the length of the geodesic C geo (A, B) joining A and B at the surface the Poincaré sphere.
where n r (obs) and n r (m) are the Stokes' vectors obtained respectively from the observed data and from the synthetic data computed with the structural parameters m.
This misfit function is implemented in the framework of the full-waveform inversion (Tarantola, 1984; Virieux and Operto, 2009 ) to reconstruct the structural parameters V p and V s. The associated gradient is computed by taking advantage of the adjoint formalism and implemented in the code developed by Brossier (2011) . For comparison, we also use the conventional 2 multicomponent misfit function E conv (m) defined by simply adding each component 2 misfits :
and another polarization based cost-function using the conventional spectral complex ratio which is defined as :
For the polarization based cost-function (eq. 6 and eq. 8), the main modifications of the inversion code consist in changing the adjoint sources used for the computation of the gradient (adjoint state formalism).
Numerical test
The model is composed of an homogeneous media with a cross shaped perturbation located in the middle. The structural parameters values of the background medium (without the cross) are : V p=1000m/s, V s=500m/s and ρ=1500kg/m 3 and the attenuation Qp = Qs=100. The V p and V s values of the cross are 25% larger than values of the background media, and the Qp, Qs and ρ parameters are the same as for the background media. The V p and V s parameters are inverted simultaneously, density and attenuation parameters are not inverted. The acquisition is composed of 144 receivers and 48 sources both regularly spaced and completely surrounding the model. A synthetic isotropic noise has been added to the data in order to statistically get a signal to noise ratio of 40 dB. In the inversion, frequencies (18, 26, 30, 44 , 58 , 75 Hz) 
Conclusions
We proposed a new kind of cost function for the inversion of the polarization which is based on the geodesic distances on the Poincaré sphere. We implemented this new misfit function in a FWI modeling code in order to enable high-resolution inversion of the polarization observables. In the proposed example, due to the not well-posed nature of the polarization spectral ratios, the inversion failed with these polarization observables but with the proposed misfit function the inversion results are comparable to those obtained with a conventional 2 multicomponent misfit function. We think that the benefits of this new formulation for the polarization inversion go beyond the context of the FWI method. It can for instance be interesting to investigate the potential benefits when reformulating receiver-function or spectral ratio based imaging methods with the proposed formalism.
